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Abstract By using the thermo entangled state representation we solve the master equation
for a dissipative cavity with Kerr medium to obtain density operators’ infinite operator-sum
representation ρ(t) = ∑∞

m,n,l=0 Mm,n,lρ0 M†
m,n,l . It is noticeable that Mm,n,l is not Hermite

conjugate to M†
m,n,l , nevertheless the normalization

∑∞
m,n,l=0 M†

n,m,lMm,n,l = 1 still holds,
i.e., they are trace-preserving in a general sense. This example may stimulate further study-
ing if general superoperator theory needs modification.

Keywords Operator-sum representation · Kerr medium · Entangled state representation ·
Dissipative cavity

1 Introduction

For an open quantum system interacting with the environment, one uses superoperators to
describe the evolution of density operator from an initial ρ0 (pure state or mixed state) into
a final state ρ. A superoperator plays a role of linear map from ρ0 → ρ, which has an
operator-sum representation [1–3]

ρ =
∑

n

Mnρ0M
†
n, (1)
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where the operators Mn and M†
n are usually Hermite conjugate to each other, and obey the

normalization condition [4],
∑

n

M†
nMn = 1. (2)

Mn is named Kraus operator [5–7], Mn and M†
n are Hermite conjugate to each other. Such

an operator-sum representation is the core of POVM (positive operator-valued measure).
In our very recent papers [8–11], based on the thermo entangled state representation, we

have derived some density operators that are in infinite dimensional operator-sum forms,
for example, those for describing amplitude-damping channel and laser process, the corre-
sponding Kraus operators are also obtained and their normalization proved, which implies
trace-preserving.

Then an important and interesting question challenges us: is there an infinite operator-
sum representation of density operator in the infinite sum form ρ(t) = ∑∞

n=0 Mnρ0 M†
n,

where the normalization
∑∞

n=0 M†
nMn = 1 still holds, but Mn and M†

n are not Hermite
conjugate to each other? The answer is affirmative. In this paper, by using the thermo en-
tangled state representation we solve the master equation for a dissipative cavity with Kerr
medium to obtain its density operator, and find its infinite operator-sum representation re-
ally possesses such a “strange structure”, this may bring attention of theoreticians who might
wonder if the general theory of superoperators should be modified.

2 Brief Review of the Thermo Entangled State Representation

In this section, we briefly review the thermo entangled state representation (TESR). Enlight-
ened by the Thermo Dynamic Theory of Takahashi-Umezawa [12–14], we have constructed
the TESR in doubled Fock space [15–17],

|η〉 = exp

(

−1

2
|η|2 + ηa† − η∗ã† + a†ã†

)

|0, 0̃〉, (3)

in which ã† is a fictitious mode accompanying the real photon creation operator a†, |0, 0̃〉 =
|0〉|0̃〉, |0̃〉 is annihilated by ã, [ã, ã†] = 1. Operating a and ã on |η〉 in (3) we obtain the
eigen-equations of |η〉,

(a − ã†)|η〉 = η|η〉, (a† − ã)|η〉 = η∗|η〉,
〈η|(a† − ã) = η∗〈η|, 〈η|(a − ã†) = η〈η|.

(4)

Note that [(a − ã†), (a† − ã)] = 0, thus |η〉 is the common eigenvector of (a − ã†) and
(ã − a†).

Using the normally ordered form of vacuum projector |0, 0̃〉〈0, 0̃| = : exp(−a†a − ã†ã):,
and the technique of integration within an ordered product (IWOP) of operators [18, 19], we
can easily prove that |η〉 is complete and orthonormal,

∫
d2η

π
|η〉〈η| = 1, 〈η′|η〉 = πδ(η′ − η)δ(η′∗ − η∗). (5)

The |η = 0〉 state

|η = 0〉 = ea† ã† |0, 0̃〉 =
∞∑

n=0

|n, ñ〉, (6)
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possesses the properties [20]

a|η = 0〉 = ã†|η = 0〉,
a†|η = 0〉 = ã|η = 0〉, (7)

(a†a)n|η = 0〉 = (ã†ã)n|η = 0〉.
Note that density operators are functions of (a†, a), i.e., defined in the original Fock space,
so they are commutative with operators of (ã†, ã) in the tilde space.

3 Infinite Operator-Sum Representation of Density Operator for a Dissipative Cavity
with Kerr Medium

In the Markov approximation and interaction picture the master equation for a dissipative
cavity with Kerr medium has the form [21–24]

dρ

dt
= −iχ [(a†a)2, ρ] + γ (2aρa† − a†aρ − ρa†a), (8)

where γ is a decaying parameter of the dissipative cavity, χ is a coupling factor depending
on the Kerr medium. Next we will solve the master equation by virtue of the entangled state
representation and present the infinite sum representation of density operator.

Operating the both sides of (8) on the state |η = 0〉, letting

|ρ〉 = ρ|η = 0〉, (9)

and using (7) we have the following state vector equation,

d

dt
|ρ〉 = {−iχ [(a†a)2 − (ã†ã)2] + γ (2aã − a†a − ã†ã)}|ρ〉. (10)

The formal solution of |ρ〉 is

|ρ〉 = exp{−iχt[(a†a)2 − (ã†ã)2] + γ t (2aã − a†a − ã†ã)}|ρ0〉, (11)

where |ρ0〉 = ρ0|η = 0〉, ρ0 is the initial density operator. By introducing the following
operators,

K0 = a†a − ã†ã, Kz = a†a + ã†ã + 1

2
, K− = aã, (12)

and noticing [K0,Kz] = [K0,K−] = 0, we can rewrite (11) as

|ρ〉 = exp{−iχt[K0(2Kz − 1)] + γ t (2K− − 2Kz + 1)}|ρ0〉

= exp[iχtK0 + γ t] exp

{

−2t (γ + iχK0)

[

Kz + −γ

γ + iχK0
K−

]}

|ρ0〉. (13)

With the aid of the operator identity [25]

eλ(A+σB) = eλA exp[σB(1 − e−λτ )/τ ] = exp[σB(eλτ − 1)/τ ]eλA, (14)
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which is valid for [A,B] = τB, and noticing [Kz,K−] = −K−, we can reform (13) as

|ρ〉 = exp[iχtK0 + γ t] exp[�zKz] exp[�−K−]|ρ0〉, (15)

where

�z = −2t (γ + iχK0), �− = γ (1 − e−2t (γ+iχK0))

γ + iχK0
. (16)

In order to deprive of the state |η = 0〉 from (15), using the completeness relation of Fock

state in the enlarged space
∑∞

m,n=0 |m, ñ〉〈m, ñ| = 1 and noticing a†l|n〉 =
√

(l+n)!
n! |n+ l〉, we

have

|ρ〉 = exp[iχtK0 + γ t] exp[�zKz]
∞∑

l=0

�l−
l! alρ0a

†l|η = 0〉

= exp[iχtK0 + γ t]
∞∑

l=0

�l−
l! exp[�zKz]

∞∑

m,n=0

|m, ñ〉〈m, ñ|alρ0a
†l|η = 0〉

=
∞∑

m,n,l=0

�l
m,n

l! exp[−itχ(m2 − n2) − tγ (m + n)]|m, ñ〉〈m, ñ|alρ0a
†l|η = 0〉, (17)

where we have set

�m,n ≡ γ (1 − e−2t (γ+iχ(m−n)))

γ + iχ(m − n)
. (18)

Further, using

〈n|η = 0〉 = |ñ〉, |m, ñ〉 = |m〉〈n|η = 0〉, (19)

which leads to

〈m, ñ|alρ0a
†l|η = 0〉

= 〈m|〈ñ|alρ0a
†l|η = 0〉

= 〈m|alρ0a
†l (〈ñ|η = 0〉)

= 〈m|alρ0a
†l|n〉, (20)

then (17) becomes

|ρ〉 =
∞∑

m,n,l=0

�l
m,n

l! exp[−iχt (m2 − n2) − γ t (m + n)]|m, ñ〉〈m|alρ0a
†l|n〉

=
∞∑

m,n,l=0

√
(n + l)!(m + l)!

n!m!
�l

m,n

l! e−iχt (m2−n2)−γ t (m+n)|m, ñ〉ρ0,m+l,n+l , (21)

where ρ0,m+l,n+l ≡ 〈m + l|ρ0|n + l〉. Using (19) again, we see

|ρ〉 =
∞∑

m,n,l=0

√
(n + l)!(m + l)!

n!m!
(�m,n)

l

l! e−iχt (m2−n2)−γ t (m+n)ρ0,m+l,n+l|m〉〈n|η = 0〉. (22)
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After depriving |η = 0〉 from the both sides of (22), the solution of master equation (8)
appears as infinite operator-sum form

ρ(t) =
∞∑

m,n,l=0

√
(n + l)!(m + l)!

n!m!
�l

m,n

l! e−iχt (m2−n2)−γ t (m+n)|m〉〈m + l|ρ0|n + l〉〈n|

=
∞∑

m,n,l=0

�l
m,n

l! e−iχt (m2−n2)−γ t (m+n)|m〉〈m|alρ0a
†l|n〉〈n|. (23)

Note that the factor (m−n) appears in the denominator of �m,n (see (18)), (this is originated
from the nonlinear term of (a†a)2), so moving of all n-dependent terms to the right of
alρ0a

†l is impossible, nevertheless, we can formally express (23) as

ρ(t) =
∞∑

m,n,l=0

Mm,n,lρ0 M†
m,n,l , (24)

where the two operators Mm,n,l and M†
m,n,l are respectively defined as

Mm,n,l ≡
√

�l
m,n

l! e−iχtm2−γ tm|m〉〈m|al,

M†
m,n,l ≡

{√
�l

n,m

l! e−iχtn2−γ tn|n〉〈n|al

}†

,

(25)

to one’s regret, Mm,n,l is not Hermite conjugate to M†
m,n,l . This example may surprise us to

wonder if the general superoperator form in (1) needs modification.

4 Further Analysis for ρ(t)

Using the operator identity eλa†a = : exp[(eλ − 1)a†a]: and the IWOP technique, we can
prove that

∞∑

m,n,l=0

M†
m,n,lMm,n,l

=
∞∑

n,l=0

(n + l)!
n!

(1 − e−2tγ )l

l! e−2nγ t |n + l〉〈n + l|

=
∞∑

n,l=0

(1 − e−2tγ )l

l! a†le−2γ ta†a|n〉〈n|al

=
∞∑

l=0

(1 − e−2tγ )l

l! : exp[(e−2γ t − 1)a†a](a†a)l : = 1, (26)

from which one can see that the normalization still holds, i.e., they are trace-preserving in a
general sense, so Mm,n,l and M†

m,n,l may be named the generalized Kraus operators.
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5 Reduction of ρ(t) in Some Special Cases

In general, (23) indicates that the Kerr medium causes phase diffusion while the field in
cavity is in amplitude-damping. In (23), when the decoherent time t → ∞, the main contri-
bution comes from the m = n = 0 term, in this case � → 1, then

ρ(t → ∞) →
∞∑

l=0

〈l|ρ0|l〉|0〉〈0| = |0〉〈0|, (27)

since Trρ0 = 1, which shows that the quantum system reduces to the vacuum state after a
long decoherence interaction, as expected.

In particular, when χ = 0, (23) becomes

ρ(t) =
∞∑

m,n,l=0

√
(n + l)!(m + l)!

n!m!
(1 − e−2γ t )l

l! e−γ t (m+n)ρ0,m+l,n+l|m〉〈n|

=
∞∑

m,n,l=0

(1 − e−2γ t )l

l! e−γ ta†a|m〉〈m|alρ0a
†l |n〉〈n|e−γ ta†a

=
∞∑

l=0

(1 − e−2γ t )l

l! e−γ ta†aalρ0a
†le−γ ta†a, (28)

which corresponds to the amplitude decaying mode, coinciding with the result in Refs. [8, 9].
While for γ = 0, (23) reduces to

ρ(t) =
∞∑

m,n=0

e−iχt (m2−n2)|m〉〈m|ρ0|n〉〈n| = e−iχ(a†a)2t ρ0e
iχ(a†a)2t , (29)

which implies a process of phase diffusion, for ρ0 = |n〉〈n|, then

ρ(t) = e−iχ(a†a)2t |n〉〈n|eiχ(a†a)2t = |n〉〈n|, (30)

which shows neither decay nor phase diffusion happens in the Kerr medium.
In summary, we have demonstrated through the above example that the nonlinear Hamil-

tonian in master equation may demand us to modify (1), the general expression of superop-
erator. For more discussions about decoherence in Kerr medium, we refer to Refs. [26–29].

References

1. Louisell, W.H.: Quantum Statistical Properties of Radiation. Wiley, New York (1973)
2. Carmichael, H.J.: Statistical Methods in Quantum Optics 1: Master Equations and Fokker-Planck Equa-

tions. Springer, Berlin (1999)
3. Carmichael, H.J.: Statistical Methods in Quantum Optics 2: Non-Classical Fields. Springer, Berlin

(2008)
4. Preskill, J.: Quantum Information and Computation CIT. Lecture Notes for Physics, vol. 229. Springer,

Berlin (1998)
5. Kraus, K.: States, Effects, and Operations: Fundamental Notions of Quantum Theory. Lecture Notes in

Physics, vol. 190. Springer, Berlin (1983)
6. Hellwig, K.E., Kraus, K.: Commun. Math. Phys. 11, 214 (1969)
7. Hellwig, K.E., Kraus, K.: Commun. Math. Phys. 16, 142 (1970)



3402 Int J Theor Phys (2009) 48: 3396–3402

8. Fan, H.Y., Hu, L.Y.: Opt. Commun. 281, 5571 (2008)
9. Fan, H.Y., Hu, L.Y.: Opt. Commun. 282, 932 (2009)

10. For a recent review, see Fan, H.Y., Hu, L.Y.: Mod. Phys. Lett. B 22, 2435 (2008)
11. Fan, H.Y., Hu, L.Y.: Commun. Theor. Phys. (Beijing, China) 51, 729 (2009)
12. Memorial Issue for Umezawa, H.: Int. J. Mod. Phys. B 10, 1695 (1996), memorial issue and references

therein
13. Umezawa, H.: Advanced Field Theory—Micro, Macro, and Thermal Physics. AIP, New York (1993)
14. Takahashi, Y., Umezawa, H.: Collect. Phenom. 2, 55 (1975)
15. Fan, H.Y., Fan, Y.: Phys. Lett. A 246, 242 (1998)
16. Fan, H.Y., Fan, Y.: Phys. Lett. A 282, 269 (2001)
17. Hu, L.Y., Fan, H.Y.: Chin. Phys. B 18, 0902 (2009), and references therein
18. Fan, H.Y., Lu, H.L., Fan, Y.: Ann. Phys. 321, 480 (2006)
19. Wünsche, A.: J. Opt. B: Quantum Semiclass. Opt. 1, R11 (1999)
20. Fan, H.Y., Hu, L.Y.: Chin. Phys. B 18, 1061 (2009)
21. Milburn, G.J., Kolmes, C.A.: Phys. Rev. Lett. 56, 2237 (1986)
22. Daniel, D.J., Milburn, G.J.: Phys. Rev. A 39, 4628 (1989)
23. Chaturvedi, S., Srinivasan, V., Agarwal, G.S.: J. Phys. A: Math. Gen. 32, 1909 (1999)
24. Schleich, W.P.: Quantum Optics in Phase Space. Wiley-VCH, Berlin (2001)
25. Fan, H.Y.: Representation and Transformation Theory in Quantum Mechanics. Shanghai Scientific &

Technical, Shanghai (1997) (in Chinese)
26. Mogilevtsev, D., Tyc, T., Korolkova, N.: arXiv:0904.3235 (2009)
27. Wang, F.Q., Zhang, Z.M., Liang, R.S.: Chin. Phys. B 18, 0597 (2009)
28. Wu, S.P., Zhang, L.J., Li, G.X.: Chin. Phys. B 17, 0185 (2008)
29. Stobinska, M., Milburn, G.J., Wodkiewicz, K.: Phys. Rev. A 78, 013810 (2008)

http://arxiv.org/abs/arXiv:0904.3235

	Infinite Operator-Sum Representation of Density Operator for a Dissipative Cavity with Kerr Medium Derived by Virtue of Entangled State Representation
	Abstract
	Introduction
	Brief Review of the Thermo Entangled State Representation
	Infinite Operator-Sum Representation of Density Operator for a Dissipative Cavity with Kerr Medium
	Further Analysis for rho( t) 
	Reduction of rho( t)  in Some Special Cases
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


